
Javier Duarte — February 16, 2023

PHYS 139/239:  
Machine Learning in Physics
Lecture 12:  
More graph neural networks & transformers
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" ÅĎ· Ď»±{Ď�55±ï" ÅĎ· Ď»±{Ď�55±ï" ÅĎ· Ď»±{Ď�55±ï

“message passing”
ϕ(xi, xj)

Recap: Message passing
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" ÅĎ· Ď»±{Ď�55±ï" ÅĎ· Ď»±{Ď�55±ï" ÅĎ· Ď»±{Ď�55±ïRecap: GNN tasks" ÅĎ· Ď»±{Ď�55±ï" ÅĎ· Ď»±{Ď�55±ï Source: https://youtu.be/uF53xsT7mjc

• Node-level tasks


• Identify "pileup" particles

• Graph-level tasks


• Jet tagging

• Edge-level tasks


• Identify good track candidates

ϕ(xi, xj)
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https://youtu.be/uF53xsT7mjc


Attributes

vi
ek

<latexit sha1_base64="4ton1cC0/WpHTbJYOP5RCFkc+ww=">AAAB83icbVDLSsNAFL3xWeur6tLNYBG6KokIuiy4cVnBPqAJZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU8G1cd1vZ2Nza3tnt7JX3T84PDqunZx2dZIphh2WiET1Q6pRcIkdw43AfqqQxqHAXji9K/zeEyrNE/loZikGMR1LHnFGjZV8P6ZmEkY5zofTYa3uNt0FyDrxSlKHEu1h7csfJSyLURomqNYDz01NkFNlOBM4r/qZxpSyKR3jwFJJY9RBvsg8J5dWGZEoUfZJQxbq742cxlrP4tBOFhn1qleI/3mDzES3Qc5lmhmUbHkoygQxCSkKICOukBkxs4QyxW1WwiZUUWZsTVVbgrf65XXSvWp6btN7uK63GmUdFTiHC2iABzfQgntoQwcYpPAMr/DmZM6L8+58LEc3nHLnDP7A+fwBXXGRzQ==</latexit><latexit sha1_base64="4ton1cC0/WpHTbJYOP5RCFkc+ww=">AAAB83icbVDLSsNAFL3xWeur6tLNYBG6KokIuiy4cVnBPqAJZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU8G1cd1vZ2Nza3tnt7JX3T84PDqunZx2dZIphh2WiET1Q6pRcIkdw43AfqqQxqHAXji9K/zeEyrNE/loZikGMR1LHnFGjZV8P6ZmEkY5zofTYa3uNt0FyDrxSlKHEu1h7csfJSyLURomqNYDz01NkFNlOBM4r/qZxpSyKR3jwFJJY9RBvsg8J5dWGZEoUfZJQxbq742cxlrP4tBOFhn1qleI/3mDzES3Qc5lmhmUbHkoygQxCSkKICOukBkxs4QyxW1WwiZUUWZsTVVbgrf65XXSvWp6btN7uK63GmUdFTiHC2iABzfQgntoQwcYpPAMr/DmZM6L8+58LEc3nHLnDP7A+fwBXXGRzQ==</latexit><latexit sha1_base64="4ton1cC0/WpHTbJYOP5RCFkc+ww=">AAAB83icbVDLSsNAFL3xWeur6tLNYBG6KokIuiy4cVnBPqAJZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU8G1cd1vZ2Nza3tnt7JX3T84PDqunZx2dZIphh2WiET1Q6pRcIkdw43AfqqQxqHAXji9K/zeEyrNE/loZikGMR1LHnFGjZV8P6ZmEkY5zofTYa3uNt0FyDrxSlKHEu1h7csfJSyLURomqNYDz01NkFNlOBM4r/qZxpSyKR3jwFJJY9RBvsg8J5dWGZEoUfZJQxbq742cxlrP4tBOFhn1qleI/3mDzES3Qc5lmhmUbHkoygQxCSkKICOukBkxs4QyxW1WwiZUUWZsTVVbgrf65XXSvWp6btN7uK63GmUdFTiHC2iABzfQgntoQwcYpPAMr/DmZM6L8+58LEc3nHLnDP7A+fwBXXGRzQ==</latexit><latexit sha1_base64="4ton1cC0/WpHTbJYOP5RCFkc+ww=">AAAB83icbVDLSsNAFL3xWeur6tLNYBG6KokIuiy4cVnBPqAJZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU8G1cd1vZ2Nza3tnt7JX3T84PDqunZx2dZIphh2WiET1Q6pRcIkdw43AfqqQxqHAXji9K/zeEyrNE/loZikGMR1LHnFGjZV8P6ZmEkY5zofTYa3uNt0FyDrxSlKHEu1h7csfJSyLURomqNYDz01NkFNlOBM4r/qZxpSyKR3jwFJJY9RBvsg8J5dWGZEoUfZJQxbq742cxlrP4tBOFhn1qleI/3mDzES3Qc5lmhmUbHkoygQxCSkKICOukBkxs4QyxW1WwiZUUWZsTVVbgrf65XXSvWp6btN7uK63GmUdFTiHC2iABzfQgntoQwcYpPAMr/DmZM6L8+58LEc3nHLnDP7A+fwBXXGRzQ==</latexit>

u

vsk vrk

u

vi

ek

vi
<latexit sha1_base64="UuhsKP3lpHlY+K0A8uvGImQtNkI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFNKJPppB06mYSZm0IJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWMUmmGW+zRCa6F1LDpVC8jQIl76Wa0ziUvBtO7hd+d8q1EYl6wlnKg5iOlIgEo2gl348pjsMon84HYlCtuQ13CbJJvILUoEBrUP3yhwnLYq6QSWpM33NTDHKqUTDJ5xU/MzylbEJHvG+pojE3Qb7MPCdXVhmSKNH2KSRL9fdGTmNjZnFoJxcZzbq3EP/z+hlGd0EuVJohV2x1KMokwYQsCiBDoTlDObOEMi1sVsLGVFOGtqaKLcFb//Im6Vw3PLfhPd7UmvWijjJcwCXUwYNbaMIDtKANDFJ4hld4czLnxXl3PlajJafYOYc/cD5/AHRgkdw=</latexit><latexit sha1_base64="UuhsKP3lpHlY+K0A8uvGImQtNkI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFNKJPppB06mYSZm0IJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWMUmmGW+zRCa6F1LDpVC8jQIl76Wa0ziUvBtO7hd+d8q1EYl6wlnKg5iOlIgEo2gl348pjsMon84HYlCtuQ13CbJJvILUoEBrUP3yhwnLYq6QSWpM33NTDHKqUTDJ5xU/MzylbEJHvG+pojE3Qb7MPCdXVhmSKNH2KSRL9fdGTmNjZnFoJxcZzbq3EP/z+hlGd0EuVJohV2x1KMokwYQsCiBDoTlDObOEMi1sVsLGVFOGtqaKLcFb//Im6Vw3PLfhPd7UmvWijjJcwCXUwYNbaMIDtKANDFJ4hld4czLnxXl3PlajJafYOYc/cD5/AHRgkdw=</latexit><latexit sha1_base64="UuhsKP3lpHlY+K0A8uvGImQtNkI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFNKJPppB06mYSZm0IJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWMUmmGW+zRCa6F1LDpVC8jQIl76Wa0ziUvBtO7hd+d8q1EYl6wlnKg5iOlIgEo2gl348pjsMon84HYlCtuQ13CbJJvILUoEBrUP3yhwnLYq6QSWpM33NTDHKqUTDJ5xU/MzylbEJHvG+pojE3Qb7MPCdXVhmSKNH2KSRL9fdGTmNjZnFoJxcZzbq3EP/z+hlGd0EuVJohV2x1KMokwYQsCiBDoTlDObOEMi1sVsLGVFOGtqaKLcFb//Im6Vw3PLfhPd7UmvWijjJcwCXUwYNbaMIDtKANDFJ4hld4czLnxXl3PlajJafYOYc/cD5/AHRgkdw=</latexit><latexit sha1_base64="UuhsKP3lpHlY+K0A8uvGImQtNkI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9gFNKJPppB06mYSZm0IJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWMUmmGW+zRCa6F1LDpVC8jQIl76Wa0ziUvBtO7hd+d8q1EYl6wlnKg5iOlIgEo2gl348pjsMon84HYlCtuQ13CbJJvILUoEBrUP3yhwnLYq6QSWpM33NTDHKqUTDJ5xU/MzylbEJHvG+pojE3Qb7MPCdXVhmSKNH2KSRL9fdGTmNjZnFoJxcZzbq3EP/z+hlGd0EuVJohV2x1KMokwYQsCiBDoTlDObOEMi1sVsLGVFOGtqaKLcFb//Im6Vw3PLfhPd7UmvWijjJcwCXUwYNbaMIDtKANDFJ4hld4czLnxXl3PlajJafYOYc/cD5/AHRgkdw=</latexit>

u
<latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit>

e0k
<latexit sha1_base64="a1hco1MShws4KpmpFnenOcfEqyc=">AAAB9HicdVDLSgMxFM34rPVVdekmWMSuhkxtsd0V3LisYB/QDiWT3mlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrTciHtba+sbm1ndvJ7+7tHxwWjo7bKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje5zvzOFKTiUXinZzG4AR2F3OeMaiO5/YDqseenML8YTAaFIrGdCilXy5jY1XqdVOqG1KqXpEywY5MFimiF5qDw3h9GLAkg1ExQpXoOibWbUqk5EzDP9xMFMWUTOoKeoSENQLnpIvQcnxtliP1ImhdqvFC/b6Q0UGoWeGYyC6l+e5n4l9dLtF9zUx7GiYaQLQ/5icA6wlkDeMglMC1mhlAmucmK2ZhKyrTpKW9K+Pop/p+0y7ZjurqtFBulVR05dIrOUAk56Ao10A1qohZi6B49oCf0bE2tR+vFel2OrlmrnRP0A9bbJyRskkI=</latexit><latexit sha1_base64="a1hco1MShws4KpmpFnenOcfEqyc=">AAAB9HicdVDLSgMxFM34rPVVdekmWMSuhkxtsd0V3LisYB/QDiWT3mlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrTciHtba+sbm1ndvJ7+7tHxwWjo7bKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje5zvzOFKTiUXinZzG4AR2F3OeMaiO5/YDqseenML8YTAaFIrGdCilXy5jY1XqdVOqG1KqXpEywY5MFimiF5qDw3h9GLAkg1ExQpXoOibWbUqk5EzDP9xMFMWUTOoKeoSENQLnpIvQcnxtliP1ImhdqvFC/b6Q0UGoWeGYyC6l+e5n4l9dLtF9zUx7GiYaQLQ/5icA6wlkDeMglMC1mhlAmucmK2ZhKyrTpKW9K+Pop/p+0y7ZjurqtFBulVR05dIrOUAk56Ao10A1qohZi6B49oCf0bE2tR+vFel2OrlmrnRP0A9bbJyRskkI=</latexit><latexit sha1_base64="a1hco1MShws4KpmpFnenOcfEqyc=">AAAB9HicdVDLSgMxFM34rPVVdekmWMSuhkxtsd0V3LisYB/QDiWT3mlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrTciHtba+sbm1ndvJ7+7tHxwWjo7bKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje5zvzOFKTiUXinZzG4AR2F3OeMaiO5/YDqseenML8YTAaFIrGdCilXy5jY1XqdVOqG1KqXpEywY5MFimiF5qDw3h9GLAkg1ExQpXoOibWbUqk5EzDP9xMFMWUTOoKeoSENQLnpIvQcnxtliP1ImhdqvFC/b6Q0UGoWeGYyC6l+e5n4l9dLtF9zUx7GiYaQLQ/5icA6wlkDeMglMC1mhlAmucmK2ZhKyrTpKW9K+Pop/p+0y7ZjurqtFBulVR05dIrOUAk56Ao10A1qohZi6B49oCf0bE2tR+vFel2OrlmrnRP0A9bbJyRskkI=</latexit><latexit sha1_base64="a1hco1MShws4KpmpFnenOcfEqyc=">AAAB9HicdVDLSgMxFM34rPVVdekmWMSuhkxtsd0V3LisYB/QDiWT3mlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrTciHtba+sbm1ndvJ7+7tHxwWjo7bKkokgxaLRCS7HlUgeAgtzbWAbiyBBp6Ajje5zvzOFKTiUXinZzG4AR2F3OeMaiO5/YDqseenML8YTAaFIrGdCilXy5jY1XqdVOqG1KqXpEywY5MFimiF5qDw3h9GLAkg1ExQpXoOibWbUqk5EzDP9xMFMWUTOoKeoSENQLnpIvQcnxtliP1ImhdqvFC/b6Q0UGoWeGYyC6l+e5n4l9dLtF9zUx7GiYaQLQ/5icA6wlkDeMglMC1mhlAmucmK2ZhKyrTpKW9K+Pop/p+0y7ZjurqtFBulVR05dIrOUAk56Ao10A1qohZi6B49oCf0bE2tR+vFel2OrlmrnRP0A9bbJyRskkI=</latexit>

Recap: GNNs*
• GNNs are graph-to-graph mapping (in this 

case holding structure fixed)


• Inference divided into three parts:  
edge block, node block, global block

e′ k = ϕe(ek, vrk
, vsk

, u) ē′ i = ρe→v(E′ i)

v′ i = ϕv (ē′ i, vi, u) ē′ = ρe→u(E′ )
u′ = ϕu(ē′ , v̄′ , u) v̄′ = ρv→u(V′ )

: message computed for edge  connecting 
nodes , 
e′ k k

rk sk

: node feature update based on aggregated 
messages and previous features
v′ i

: global feature update based on aggregated, 
updated node and edge features
u′ 

*One framework for GNNs: 
arXiv:1806.01261

u
<latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit><latexit sha1_base64="Wl/NKcf+4FQq41kPZqpr8GSpKP8=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovQVUlE0GXBjcsK9oFtKJPpTTt0MgkzE6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3QsecgZNVZ6HETUTIIwS+fDas1tuAuQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofazReI5ubDKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLEleKsnr5POZcNzG979Va1ZL+oowxmcQx08uIYm3EEL2sBAwjO8wpujnRfn3flYjpacYucU/sD5/AHw2JD/</latexit>

e0k
<latexit sha1_base64="TmBm7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibckFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7anki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmBm7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibckFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7anki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmBm7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibckFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7anki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit><latexit sha1_base64="TmBm7ikN3ChoJpDcsfwhm1T5rLk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvYVZkRQZcFNy4r2Ae0Q8mkd9rQTGZMMoUy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxXe63J6g0j+WjmSboR3QoecgZNVbyexE1oyDMcHbZH/fLFbfmzkHWibckFVii0S9/9QYxSyOUhgmqdddzE+NnVBnOBM5KvVRjQtmYDrFrqaQRaj+bh56RC6sMSBgr+6Qhc/X3RkYjradRYCfzkHrVy8X/vG5qwls/4zJJDUq2OBSmgpiY5A2QAVfIjJhaQpniNithI6ooM7anki3BW/3yOmld1Ty35j1cV+rVZR1FOINzqIIHN1CHe2hAExg8wTO8wpszcV6cd+djMVpwljun8AfO5w/CAJH+</latexit>v0

i
<latexit sha1_base64="eeLXdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpYRtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrNyVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6veNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gAacsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKqjhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9bbJztsklE=</latexit><latexit sha1_base64="eeLXdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpYRtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrNyVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6veNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gAacsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKqjhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9bbJztsklE=</latexit><latexit sha1_base64="eeLXdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpYRtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrNyVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6veNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gAacsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKqjhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9bbJztsklE=</latexit><latexit sha1_base64="eeLXdOBZMDToGpT2JKCAlGanLL8=">AAAB9HicdVDLSgMxFL3js9ZX1aWbYBG7GjK1xXZXcOOygn1AO5RMmmlDMw+TTKEM/Q43LhRx68e482/MtBVU9EDgcM693JPjxYIrjfGHtba+sbm1ndvJ7+7tHxwWjo7bKkokZS0aiUh2PaKY4CFraa4F68aSkcATrONNrjO/M2VS8Si807OYuQEZhdznlGgjuf2A6LHnp9P5xYAPCkVsOxVcrpYRtqv1Oq7UDalVL3EZI8fGCxRhheag8N4fRjQJWKipIEr1HBxrNyVScyrYPN9PFIsJnZAR6xkakoApN12EnqNzowyRH0nzQo0W6veNlARKzQLPTGYh1W8vE//yeon2a27KwzjRLKTLQ34ikI5Q1gAacsmoFjNDCJXcZEV0TCSh2vSUNyV8/RT9T9pl2zFd3VaKjdKqjhycwhmUwIEraMANNKEFFO7hAZ7g2Zpaj9aL9bocXbNWOyfwA9bbJztsklE=</latexit>

u0
<latexit sha1_base64="RuJ/WOWmv0qWsx0aAsZGj4qvbr4=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDmNMxk0cwt4MVjBLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqenwiuwLI+jNza+sbmVn67sLO7t39QPDzqqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOtPruZ+945JxePoFqYJ80IyinjAKQEtuX1g9+AHWTo7HxRLllm5aFTqFrbMulOrNmqaNCpO1XGwbVoLlNAKrUHxvT+MaRqyCKggSrm2lYCXEQmcCjYr9FPFEkInZMRcTSMSMuVli5Nn+EwrQxzEUlcEeKF+n8hIqNQ09HVnSGCsfntz8S/PTSFoeBmPkhRYRJeLglRgiPH8fzzkklEQU00IlVzfiumYSEJBp1TQIXx9iv8nnYppW6Z9Uys1y6s48ugEnaIystElaqJr1EJtRFGMHtATejbAeDRejNdla85YzRyjHzDePgEJTZGr</latexit><latexit sha1_base64="RuJ/WOWmv0qWsx0aAsZGj4qvbr4=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDmNMxk0cwt4MVjBLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqenwiuwLI+jNza+sbmVn67sLO7t39QPDzqqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOtPruZ+945JxePoFqYJ80IyinjAKQEtuX1g9+AHWTo7HxRLllm5aFTqFrbMulOrNmqaNCpO1XGwbVoLlNAKrUHxvT+MaRqyCKggSrm2lYCXEQmcCjYr9FPFEkInZMRcTSMSMuVli5Nn+EwrQxzEUlcEeKF+n8hIqNQ09HVnSGCsfntz8S/PTSFoeBmPkhRYRJeLglRgiPH8fzzkklEQU00IlVzfiumYSEJBp1TQIXx9iv8nnYppW6Z9Uys1y6s48ugEnaIystElaqJr1EJtRFGMHtATejbAeDRejNdla85YzRyjHzDePgEJTZGr</latexit><latexit sha1_base64="RuJ/WOWmv0qWsx0aAsZGj4qvbr4=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDmNMxk0cwt4MVjBLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqenwiuwLI+jNza+sbmVn67sLO7t39QPDzqqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOtPruZ+945JxePoFqYJ80IyinjAKQEtuX1g9+AHWTo7HxRLllm5aFTqFrbMulOrNmqaNCpO1XGwbVoLlNAKrUHxvT+MaRqyCKggSrm2lYCXEQmcCjYr9FPFEkInZMRcTSMSMuVli5Nn+EwrQxzEUlcEeKF+n8hIqNQ09HVnSGCsfntz8S/PTSFoeBmPkhRYRJeLglRgiPH8fzzkklEQU00IlVzfiumYSEJBp1TQIXx9iv8nnYppW6Z9Uys1y6s48ugEnaIystElaqJr1EJtRFGMHtATejbAeDRejNdla85YzRyjHzDePgEJTZGr</latexit><latexit sha1_base64="RuJ/WOWmv0qWsx0aAsZGj4qvbr4=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDmNMxk0cwt4MVjBLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqenwiuwLI+jNza+sbmVn67sLO7t39QPDzqqDiVlLVpLGLZ84ligkesDRwE6yWSkdAXrOtPruZ+945JxePoFqYJ80IyinjAKQEtuX1g9+AHWTo7HxRLllm5aFTqFrbMulOrNmqaNCpO1XGwbVoLlNAKrUHxvT+MaRqyCKggSrm2lYCXEQmcCjYr9FPFEkInZMRcTSMSMuVli5Nn+EwrQxzEUlcEeKF+n8hIqNQ09HVnSGCsfntz8S/PTSFoeBmPkhRYRJeLglRgiPH8fzzkklEQU00IlVzfiumYSEJBp1TQIXx9iv8nnYppW6Z9Uys1y6s48ugEnaIystElaqJr1EJtRFGMHtATejbAeDRejNdla85YzRyjHzDePgEJTZGr</latexit>

e0k
<latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit><latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit><latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ywz7v1q7Yrl4nBX/+QcnkaM0kGo=">AAAB6XicbZBLSwMxFIXv+Kz1Vd26CRbRVZlxo0vBjcsK9gHtUDLpnRqayYzJnWIZ+jvcuFDEP+TOf2P6WGjrgcDHOQn35kSZkpZ8/9tbW9/Y3Nou7ZR39/YPDitHe02b5kZgQ6QqNe2IW1RSY4MkKWxnBnkSKWxFw9tp3hqhsTLVDzTOMEz4QMtYCk7OCruEzxTFBU7Oe8NeperX/JnYKgQLqMJC9V7lq9tPRZ6gJqG4tZ3AzygsuCEpFE7K3dxixsWQD7DjUPMEbVjMlp6wM+f0WZwadzSxmfv7RcETa8dJ5G4mnB7tcjY1/8s6OcXXYSF1lhNqMR8U54pRyqYNsL40KEiNHXBhpNuViUduuCDXU9mVECx/eRWal7XArwX3PpTgBE7hAgK4ghu4gzo0QMATvMAbvHsj79X7mNe15i16O4Y/8j5/AKfckNQ=</latexit><latexit sha1_base64="ywz7v1q7Yrl4nBX/+QcnkaM0kGo=">AAAB6XicbZBLSwMxFIXv+Kz1Vd26CRbRVZlxo0vBjcsK9gHtUDLpnRqayYzJnWIZ+jvcuFDEP+TOf2P6WGjrgcDHOQn35kSZkpZ8/9tbW9/Y3Nou7ZR39/YPDitHe02b5kZgQ6QqNe2IW1RSY4MkKWxnBnkSKWxFw9tp3hqhsTLVDzTOMEz4QMtYCk7OCruEzxTFBU7Oe8NeperX/JnYKgQLqMJC9V7lq9tPRZ6gJqG4tZ3AzygsuCEpFE7K3dxixsWQD7DjUPMEbVjMlp6wM+f0WZwadzSxmfv7RcETa8dJ5G4mnB7tcjY1/8s6OcXXYSF1lhNqMR8U54pRyqYNsL40KEiNHXBhpNuViUduuCDXU9mVECx/eRWal7XArwX3PpTgBE7hAgK4ghu4gzo0QMATvMAbvHsj79X7mNe15i16O4Y/8j5/AKfckNQ=</latexit><latexit sha1_base64="Wxt2EGaSkqmyg6rX9KQvpR9rldE=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmIzFSkTsbLUlsLDGRjwQuZG+Zgw17e+fuHJFc+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxv5357AtqIWD3gNAE/YkMlQsEZWsnvITxhEGYwu+yP++WKW3MXoOvEy0mF5Gj0y1+9QczTCBRyyYzpem6CfsY0Ci5hVuqlBhLGx2wIXUsVi8D42eLoGb2wyoCGsbalkC7U3xMZi4yZRoHtjBiOzKo3F//zuimGN34mVJIiKL5cFKaSYkznCdCB0MBRTi1hXAt7K+UjphlHm1PJhuCtvrxOWlc1z615926lXs3jKJIzck6qxCPXpE7uSIM0CSeP5Jm8kjdn4rw4787HsrXg5DOn5A+czx/qpZIV</latexit><latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit><latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit><latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit><latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit><latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit><latexit sha1_base64="Iztn6Umi7rLG5lNF0JpW0x6J+s0=">AAAB9HicbVBNS8NAEN34WetX1aOXxSL2VBIR9Fjw4rGC/YA2lM120i7dbOLupFhCf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxuZ35rDNqIWD3gJAE/YgMlQsEZWsnvIjxhEGYwveiNeqWyW3XnoKvEy0mZ5Kj3Sl/dfszTCBRyyYzpeG6CfsY0Ci5hWuymBhLGR2wAHUsVi8D42fzoKT23Sp+GsbalkM7V3xMZi4yZRIHtjBgOzbI3E//zOimGN34mVJIiKL5YFKaSYkxnCdC+0MBRTixhXAt7K+VDphlHm1PRhuAtv7xKmpdVz61691flWiWPo0BOyRmpEI9ckxq5I3XSIJw8kmfySt6csfPivDsfi9Y1J585IX/gfP4A6+WSGQ==</latexit>v0
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e′ k = ϕe(ek, vrk
, vsk

, u) ē′ i = ρe→v(E′ i)

v′ i = ϕv (ē′ i, vi, u) ē′ = ρe→u(E′ )
u′ = ϕu(ē′ , v̄′ , u) v̄′ = ρv→u(V′ )

https://arxiv.org/abs/1806.01261


Basics of H(bb) tagging

SV1

PV
jet

SV2

IP2

charged  
lepton

displaced 
tracks

H(bb) jet

IP1

• Relative positions of SVs

b hadrons have long lifetimes:  
travel O(mm) before decay!

flight distance

• Handles: 

• secondary vertices

• displaced tracks 

• large impact parameters

• soft leptons



p3

p1 p2

v1 v2

• Particles (i.e. tracks) and vertices 
are two separate inputs with 
different feature vectors 
(heterogenous graph)


• GNNs typically consider a 
homogenous graph (e.g. particle-
particle graph)


• Vertex-particle graph can also be 
considered


• Combined GNN can consider both 
by constructing two separate 
graphs 

p3

p1 p2
(p-p)1

(p-p)2 (p-p)4

(p-p)3

(p-p)5 (p-p)6

v1 v2
p3

p1 p2

v1 v2

(vp)1 (vp)4
(vp)2 (vp)3

(vp)5 (vp)6

arXiv:1909.12285

pi = [prel
T , ϕrel, ηrel, …, d3D, cov(pT, pT), …]

vi = [prel
T , ϕrel, ηrel, …, ntracks, cos θPV, …]

Particles and vertices: two graphs

https://arxiv.org/abs/1909.12285


p3

p1 p2

v1 v2
ϕp(p3)

ϕp(p1) ϕp(p2)

ϕv(v1) ϕv(v2)

vi = [prel
T , ϕrel, ηrel, …, ntracks, cos θPV, …]

arXiv:1909.12285

pi = [prel
T , ϕrel, ηrel, …, d3D, cov(pT, pT), …]

Particles and vertices: two graphs

• Alternatively, after embedding 
feature vectors in a common latent 
space (via a NN), combined graph 
can be constructed

https://arxiv.org/abs/1909.12285
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2016 (13 TeV)CMS Simulat ion Open Data

300 < jet pT < 2000 GeV
40 < jet mSD < 200 GeV

Double-b (BDT), AUC = 91.7%, acc. = 83.8%
Deep double-b (RNN+CNN), AUC = 97.2%, acc. = 91.7%
GNN, AUC = 99.0%, acc. = 95.5%

GNN model and performance
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Better

arXiv:1909.12285

• Edge convolutions for particle-particle and particle-vertex connections update 
particle features; summed particle features used to predict H(bb) or QCD 
prob.


• GNN improves on previous methods

https://arxiv.org/abs/1909.12285


Edge block Node block Global block
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<latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit>
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<latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit>

Hands-on exercise

class EdgeBlock(torch.nn.Module): 
    def __init__(self): 
        super(EdgeBlock, self).__init__() 
        self.edge_mlp = Seq(Lin(inputs*2, hidden),  
                            BatchNorm1d(hidden), 
                            ReLU(), 
                            Lin(hidden, hidden)) 

    def forward(self, src, dest, edge_attr, u, batch): 
        out = torch.cat([src, dest], 1) 
        return self.edge_mlp(out)

class GlobalBlock(torch.nn.Module): 
    def __init__(self): 
        super(GlobalBlock, self).__init__() 
        self.global_mlp = Seq(Lin(hidden, hidden),                                
                              BatchNorm1d(hidden), 
                              ReLU(),  
                              Lin(hidden, outputs)) 

    def forward(self, x, edge_index, edge_attr, u, batch): 
        out = scatter_mean(x, batch, dim=0) 
        return self.global_mlp(out)

class InteractionNetwork(torch.nn.Module): 
    def __init__(self): 
        super(InteractionNetwork, self).__init__() 
        self.interactionnetwork = MetaLayer(EdgeBlock(), NodeBlock(), GlobalBlock()) 
        self.bn = BatchNorm1d(inputs) 
         
    def forward(self, x, edge_index, batch): 
        x = self.bn(x) 
        x, edge_attr, u = self.interactionnetwork(x, edge_index, None, None, batch) 
        return u

• GNN with PyTorch Geometric: https://jduarte.physics.ucsd.edu/
phys139_239/06_Graph_Data_GNN.html

class NodeBlock(torch.nn.Module): 
    def __init__(self): 
        super(NodeBlock, self).__init__() 
        self.node_mlp_1 = Seq(Lin(inputs+hidden, hidden),  
                              BatchNorm1d(hidden), 
                              ReLU(),  
                              Lin(hidden, hidden)) 
        self.node_mlp_2 = Seq(Lin(inputs+hidden, hidden),  
                              BatchNorm1d(hidden), 
                              ReLU(),  
                              Lin(hidden, hidden)) 

    def forward(self, x, edge_index, edge_attr, u, batch): 
        row, col = edge_index 
        out = torch.cat([x[row], edge_attr], dim=1) 
        out = self.node_mlp_1(out) 
        out = scatter_mean(out, col, dim=0, dim_size=x.size(0)) 
        out = torch.cat([x, out], dim=1) 
        return self.node_mlp_2(out)
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Figure 3. Performance of the algorithms for identifying hadronically decaying Higgs bosons (Left: H→bb; Right:
H→cc). A selection on the jet mass, 90 < mSD < 140 GeV, is applied in addition to the ML-based identification
algorithm when evaluating the signal and background efficiencies. For the signal (background), the generated
Higgs bosons (quarks and gluons) are required to satisfy 500 < pT < 1000 GeV and |η| < 2.4. For each of the two
DeepAK8-DDT algorithms, the marker indicates the performance of the nominal working point, DeepAK8-DDT
> 0, and its background efficiency (shown in the vertical axis) is different from the design value (5% or 2%) due to
the additional selection on the jet mass.
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coordinates features

EdgeConv Block
k = 16, C = (64, 64, 64)

EdgeConv Block
k = 16, C = (128, 128, 128)

EdgeConv Block
k = 16, C = (256, 256, 256)

Global Average Pooling

Fully Connected
256, ReLU, Dropout = 0.1

Fully Connected
2

Softmax

Linear

BatchNorm

ReLU

Linear

BatchNorm

ReLU

coordinates features

k-NN

k-NN indices

ReLU

edge features

Linear

BatchNorm

ReLU

Aggregation

ParticleNet: DGCNN for jet tagging
• ParticleNet, using “dynamic edge convolutions:” graph is constructed based 

on “closeness” in the latent space 


• Identifies H(bb) with true positive rate of ~50% and false positive rate of 0.1%

arXiv:1902.08570 
CMS-DP-2020-002

2⨉ improvement 
over previous  

non-GNN algorithm!

https://arxiv.org/abs/1902.08570
https://cds.cern.ch/record/2707946/


Transformers
• Transformers are attention-based 

neural networks


• Generalization of an RNN


• Specific type of GNN (with a fully 
connected graph)

11



Attention

12

hℓ+1
i = Attention (Qℓhℓ

i , Kℓhℓ
j , Vℓhℓ

j )
= ∑

j∈𝒮

softmaxj (Qℓhℓ
i ⋅ Kℓhℓ

j ) (Vℓhℓ
j )

• Update the features of the th token from the th layer to the th layer


• , , and  are learnable linear weights denoting the query, key, and value for 
the attention computation


• Attention mechanism is performed in parallel for each token  
to obtain their updated features in one shot


• Faster than RNNs, which update features  
token-by-token

i ℓ (ℓ + 1)

Q K V



Multi-head attention

13

gℓ+1
i = Concat (head1, …, headK) Oℓ,

headk = Attention (Qk,ℓhℓ
i , Kk,ℓhℓ

j , Vk,ℓhℓ
j ),

hℓ+1
i = LN (MLP (LN (gℓ+1

i )))

• Multiple heads allow the attention mechanism to 
to look at different transformations or aspects of 
the hidden features from the previous layer


• Layer normalization normalizes input across the 
features instead of normalizing input features 
across the batch dimension (as in batch 
normalization)



• Particle transformer (ParT) incorporates pairwise particle interactions in the 
attention mechanism and achieves higher tagging performance than a plain 
transformer and ParticleNet

Particle transformer arXiv:2202.03772

Particle Transformer for Jet Tagging

Table 5. Comparison between ParT and existing models on the
top quark tagging dataset. ParT refers to the model trained from
scratch on this dataset. ParticleNet-f.t. and ParT-f.t. denote the
corresponding models pre-trained on JETCLASS and fine-tuned
on this dataset. Results for other models are quoted from their
published results: P-CNN and ParticleNet (Qu & Gouskos, 2020),
PFN (Komiske et al., 2019b), JEDI-net (Moreno et al., 2020), PCT
(Mikuni & Canelli, 2021), LGN (Bogatskiy et al., 2020), rPCN
(Shimmin, 2021), and LorentzNet (Gong et al., 2022).

Accuracy AUC Rej50% Rej30%
P-CNN 0.930 0.9803 201 ± 4 759 ± 24
PFN — 0.9819 247 ± 3 888 ± 17
ParticleNet 0.940 0.9858 397 ± 7 1615 ± 93
JEDI-net (w/

P
O) 0.930 0.9807 — 774.6

PCT 0.940 0.9855 392 ± 7 1533 ± 101
LGN 0.929 0.964 — 435 ± 95
rPCN — 0.9845 364 ± 9 1642 ± 93
LorentzNet 0.942 0.9868 498 ± 18 2195 ± 173
ParT 0.940 0.9858 413 ± 16 1602 ± 81
ParticleNet-f.t. 0.942 0.9866 487 ± 9 1771 ± 80
ParT-f.t. 0.944 0.9877 691 ± 15 2766 ± 130

the JETCLASS dataset. In the “full” scenario, we consider
all particle types and further distinguish electrically charged
(and neural) hadrons into more types, such as pions, kaons,
and protons. We perform the pre-training on JETCLASS
using only kinematic and particle identification inputs un-
der the “exp” scenario. For the fine-tuning, we then carry
out experiments in both scenarios. The construction of the
input features is described in Table 2. The pre-training and
fine-tuning setup is the same as in the top quark tagging
benchmark, and the fine-tuning also lasts for 20 epochs.
Results are summarized in Table 6. The pre-trained ParT
achieves the best performance and improves existing base-
lines by a large margin in both scenarios.

6. Discussion and Conclusion
Large-scale datasets have always been a catalyst for new
breakthroughs in deep learning. In this work, we present
JETCLASS, a new large-scale open dataset to advance deep
learning research in particle physics. The dataset consists
of 100 M simulated jets, about two orders of magnitude
larger than existing public jet datasets, and covers a broad
spectrum of 10 classes of jets in total, including several
novel types that have not been studied with deep learning
so far. While we focus on investigating a classification
task, i.e., jet tagging, with this dataset, we highlight that
this dataset can serve as the basis for many important deep
learning researches in particle physics, e.g., unsupervised or
self-supervised training techniques for particle physics (e.g.,
Dillon et al. (2021)), generative models for high-fidelity fast
simulation of particle collisions (e.g., Kansal et al. (2021a)),
regression models to predict jet energy and momentum with
higher precision (e.g., CMS Collaboration (2020a)), and
more. We invite the community to explore and experiment

Table 6. Comparison between ParT and existing models on the
quark-gluon tagging dataset. ParT refers to the model trained from
scratch on this dataset. ParticleNet-f.t. and ParT-f.t. denote the
corresponding models pre-trained on JETCLASS and fine-tuned on
this dataset. Results for other models are quoted from their pub-
lished results: P-CNN and ParticleNet (Qu & Gouskos, 2020), PFN
(Komiske et al., 2019b), ABCNet (Mikuni & Canelli, 2020), PCT
(Mikuni & Canelli, 2021), rPCN (Shimmin, 2021), and LorentzNet
(Gong et al., 2022). The subscript “exp” and “full” distinguish
models using partial or full particle identification information.

Accuracy AUC Rej50% Rej30%
P-CNNexp 0.827 0.9002 34.7 91.0
PFNexp — 0.9005 34.7 ± 0.4 —
ParticleNetexp 0.840 0.9116 39.8 ± 0.2 98.6 ± 1.3
rPCNexp — 0.9081 38.6 ± 0.5 —
ParTexp 0.840 0.9121 41.3 ± 0.3 101.2 ± 1.1
ParticleNet-f.t.exp 0.839 0.9115 40.1 ± 0.2 100.3 ± 1.0
ParT-f.t.exp 0.843 0.9151 42.4 ± 0.2 107.9 ± 0.5

PFNfull — 0.9052 37.4 ± 0.7 —
ABCNetfull 0.840 0.9126 42.6 ± 0.4 118.4 ± 1.5
PCTfull 0.841 0.9140 43.2 ± 0.7 118.0 ± 2.2
LorentzNetfull 0.844 0.9156 42.4 ± 0.4 110.2 ± 1.3
ParTfull 0.849 0.9203 47.9 ± 0.5 129.5 ± 0.9
ParT-f.t.full 0.852 0.9230 50.6 ± 0.2 138.7 ± 1.3

with this dataset and extend the boundary of deep learning
and particle physics even further.

With this large dataset, we introduce Particle Transformer
(ParT), a new architecture that substantially improves jet
tagging performance over previous state-of-the-art. We pro-
pose it as a new jet tagging baseline for future research
to improve upon. The effectiveness of ParT arises mainly
from the augmented self-attention, in which we incorpo-
rate physics-inspired pairwise interactions together with the
machine-learned dot-product attention. This approach is
likely to be effective for other tasks on similar datasets, such
as point clouds or many-body systems, especially when
prior knowledge is available to describe the interaction or
the geometry. On the other hand, one limitation of using the
full pairwise interaction matrix is the increase in computa-
tional time and memory consumption. Novel approaches for
particle (point) embeddings and self-attentions that alleviate
the computational cost (e.g., Zhou et al. (2021); Kitaev et al.
(2020)) could be an interesting direction for future research.
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of particles, in a shape (N, N,C 0). The particle and inter-
action inputs are each followed by an MLP to project them
to a d- and d0-dimensional embedding, x0

2 RN⇥d and
U 2 RN⇥N⇥d0

, respectively. Unlike Transformers for NLP
and vision, we do not add any ad-hoc positional encodings,
as the particles in a jet are permutation invariant. The spatial
information (i.e., the flying direction of each particle) is
directly included in the particle inputs. We feed the particle
embedding x0 into a stack of L particle attention blocks
to produce new embeddings, x1, ...,xL via multi-head self
attention. The interaction matrix U is used to augment the
scaled dot-product attention by adding it as a bias to the
pre-softmax attention weights. The same U is used for all
the particle attention blocks. After that, the last particle
embedding xL is fed into two class attention blocks, and a
global class token xclass is used to extract information for
jet classification via attention to all the particles, following
the CaiT approach (Touvron et al., 2021). The class token
is passed to a single-layer MLP, followed by softmax, to
produce the final classification scores.

Remark. ParT can also be viewed as a graph neural network
on a fully-connected graph, in which each node corresponds
to a particle, and the interactions are the edge features.

Particle interaction features. While the ParT architecture
is designed to be able to process any kinds of pairwise in-

teraction features, for this paper we only consider a specific
scenario in which the interaction features are derived from
the energy-momentum 4-vector, p = (E, px, py, pz), of
each particle. This is the most general case for jet tagging,
as the particle 4-vectors are available in every jet tagging
task. Specifically, for a pair of particles a, b with 4-vectors
pa, pb, we calculate the following 4 features:

� =
p

(ya � yb)2 + (�a � �b)2,

kT = min(pT,a, pT,b)�,

z = min(pT,a, pT,b)/(pT,a + pT,b),

m2 = (Ea + Eb)
2

� kpa + pbk
2,

(3)

where yi is the rapidity, �i is the azimuthal angle, pT,i =
(p2x,i + p2y,i)

1/2 is the transverse momentum, and pi =
(px,i, py,i, pz,i) is the momentum 3-vector and k · k is the
norm, for i = a, b. Since these variables typically have
a long-tail distribution, we take the logarithm and use
(ln �, ln kT, ln z, ln m2) as the interaction features for each
particle pair. The choice of this set of features is motivated
by Dreyer & Qu (2021).

Particle attention block. A key component of ParT is the
particle attention block. As illustrated in Figure 3(b), the
particle attention block consists of two stages. The first
stage includes a multi-head attention (MHA) module with
a LayerNorm (LN) layer both before and afterwards. The
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of particles, in a shape (N, N,C 0). The particle and inter-
action inputs are each followed by an MLP to project them
to a d- and d0-dimensional embedding, x0

2 RN⇥d and
U 2 RN⇥N⇥d0

, respectively. Unlike Transformers for NLP
and vision, we do not add any ad-hoc positional encodings,
as the particles in a jet are permutation invariant. The spatial
information (i.e., the flying direction of each particle) is
directly included in the particle inputs. We feed the particle
embedding x0 into a stack of L particle attention blocks
to produce new embeddings, x1, ...,xL via multi-head self
attention. The interaction matrix U is used to augment the
scaled dot-product attention by adding it as a bias to the
pre-softmax attention weights. The same U is used for all
the particle attention blocks. After that, the last particle
embedding xL is fed into two class attention blocks, and a
global class token xclass is used to extract information for
jet classification via attention to all the particles, following
the CaiT approach (Touvron et al., 2021). The class token
is passed to a single-layer MLP, followed by softmax, to
produce the final classification scores.

Remark. ParT can also be viewed as a graph neural network
on a fully-connected graph, in which each node corresponds
to a particle, and the interactions are the edge features.

Particle interaction features. While the ParT architecture
is designed to be able to process any kinds of pairwise in-

teraction features, for this paper we only consider a specific
scenario in which the interaction features are derived from
the energy-momentum 4-vector, p = (E, px, py, pz), of
each particle. This is the most general case for jet tagging,
as the particle 4-vectors are available in every jet tagging
task. Specifically, for a pair of particles a, b with 4-vectors
pa, pb, we calculate the following 4 features:

� =
p

(ya � yb)2 + (�a � �b)2,

kT = min(pT,a, pT,b)�,

z = min(pT,a, pT,b)/(pT,a + pT,b),

m2 = (Ea + Eb)
2

� kpa + pbk
2,

(3)

where yi is the rapidity, �i is the azimuthal angle, pT,i =
(p2x,i + p2y,i)

1/2 is the transverse momentum, and pi =
(px,i, py,i, pz,i) is the momentum 3-vector and k · k is the
norm, for i = a, b. Since these variables typically have
a long-tail distribution, we take the logarithm and use
(ln �, ln kT, ln z, ln m2) as the interaction features for each
particle pair. The choice of this set of features is motivated
by Dreyer & Qu (2021).

Particle attention block. A key component of ParT is the
particle attention block. As illustrated in Figure 3(b), the
particle attention block consists of two stages. The first
stage includes a multi-head attention (MHA) module with
a LayerNorm (LN) layer both before and afterwards. The

https://arxiv.org/abs/2202.03772


Next time

• Unsupervised learning for outlier detection
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