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PHYS 141/241
Lecture 10: Plummer Model and Monte Carlo (Continued)



• Distribution function 
 

 

 

where 


• We found 

   

f = {F(−E)7/2 if E < 0
0 if E ≥ 0

E =
1
2

v2 + Φ(r)

ρ(r) =
3M

4πa3 (1 +
r2

a2 )
−5/2

Φ(r) = −
GM

r2 + a2

Recap: Plummer Model
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How to initialize a Plummer sphere?
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• Monte Carlo method!
A tour to Monte Carlo

. . . because Einstein was wrong: God does throw dice!
Quantum mechanics: amplitudes =) probabilities
Anything that possibly can happen, will! (but more or less often)

Event generators: trace evolution of event structure.
Random numbers ⇡ quantum mechanical choices.

Torbjörn Sjöstrand Intro to Particle Physics 2 slide 8/49



Spatial Methods

Assume function f(x),
studied range xmin < x < xmax,
where f(x) ≥ 0 everywhere
(in practice x is multidimensional)

x

y

xmin xmax
0

f(x)

Two standard tasks:
1) Calculate (approximatively)

∫ xmax

xmin

f(x′) dx′

usually: integrated cross section from differential one
2) Select x at random according to f(x)
usually: probability distribution from quantum mechanics,
normalization to unit area implicit

Note n-dimensional integration ≡ n + 1-dimensional volume:
∫

f(x1, . . . , xn) dx1 . . .dxn ≡
∫ ∫ f(x1,...,xn)

0
1 dx1 . . .dxn dxn+1

Monte Carlo Methods
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Monte Carlo Methods
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Selection of x according to f(x)

is equivalent to uniform selection of (x, y) in the area
xmin < x < xmax, 0 < y < f(x)

since P(x) ∝
∫ f(x)
0 1 dy = f(x)

Therefore
∫ x

xmin

f(x′) dx′ = R
∫ xmax

xmin

f(x′) dx′

x

y

xmin xmax
0

x

f(x)

Method 1: Analytical solution
If know primitive function F(x) and know inverse F−1(y) then

F(x) − F(xmin) = R (F(xmax) − F(xmin)) = R Atot

=⇒ x = F−1(F(xmin) + R Atot)

Proof:
introduce z = F(xmin) + R Atot. Then

dP
dx

=
dP
dR

dR

dx
= 1

1
dx
dR

=
1

dx
dz

dz
dR

=
1

dF−1(z)
dz

dz
dR

=
dF (x)

dx
dz
dR

=
f(x)

Atot



Monte Carlo Methods
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Selection of x according to f(x)

is equivalent to uniform selection of (x, y) in the area
xmin < x < xmax, 0 < y < f(x)

since P(x) ∝
∫ f(x)
0 1 dy = f(x)

Therefore
∫ x

xmin

f(x′) dx′ = R
∫ xmax

xmin

f(x′) dx′

x

y

xmin xmax
0

x

f(x)

Method 1: Analytical solution
If know primitive function F(x) and know inverse F−1(y) then

F(x) − F(xmin) = R (F(xmax) − F(xmin)) = R Atot

=⇒ x = F−1(F(xmin) + R Atot)

Proof:
introduce z = F(xmin) + R Atot. Then

dP
dx

=
dP
dR

dR

dx
= 1

1
dx
dR

=
1

dx
dz

dz
dR

=
1

dF−1(z)
dz

dz
dR

=
dF (x)

dx
dz
dR

=
f(x)

Atot

“Inverse transform sampling”

Example: Gaussian distribution



Monte Carlo Methods
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Example 1:
f(x) = 2x, 0 < x < 1, =⇒ F(x) = x2

F(x) − F(0) = R (F(1) − F(0)) =⇒ x2 = R =⇒ x =
√

R

Example 2:
f(x) = e−x, x > 0, F(x) = 1 − e−x

1 − e−x = R =⇒ e−x = 1 − R = R =⇒ x = − lnR

Method 2: Hit-and-miss
If f(x) ≤ fmax in xmin < x < xmax

use interpretation as an area
1) select x = xmin + R (xmax − xmin)

2) select y = R fmax (new R!)
3) while y > f(x) cycle to 1) x

y

xmin xmaxx
0

fmax

y1

y2

f(x)

accepted

rejected

Integral as by-product:

I =
∫ xmax

xmin

f(x) dx = fmax (xmax − xmin)
Nacc

Ntry
= Atot

Nacc

Ntry

Binomial distribution with p = Nacc/Ntry and q = Nfail/Ntry, so error

δI

I
=

Atot

√

p q/Ntry

Atot p
=

√

q

p Ntry
=

√

q

Nacc
−→

1√
Nacc

for p & 1
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• Take units where , , and  for convenience


• Consider  equal mass stars 


• We can find out what the mass  within a sphere of radius  is in the 
Plummer model 
 

    

• How do we generate points  
according to this distribution?

G = 1 a = 1 M = 1
N m = 1/N

M(r) r

M(r) = ∫
r

0
4πr′ 2dr′ ρ(r′ ) =

r3

(r2 + 1)3/2

Generate a Plummer sphere with MC
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• Assume we have a way to get random numbers 


• Simply generate  then equate  then solve for  
 

 

• Thus, 
 

X ∈ [0,1]
X1 M(r) = X1 r

M(r) = X1 =
r3

(r2 + 1)3/2

= (1 + r−2)−3/2

r = (X−2/3
1 − 1)−1/2

Generate a Plummer sphere with MC

9



• Next, we need to find the actual position  
should be selected on the sphere of radius 


• Careful! Can’t just uniformly sample  and  
 because  

but we can uniformly sample 

• See: https://mathworld.wolfram.com/

SpherePointPicking.html


• Two random numbers  and  
 

,    
 

(x, y, z)
r

θ ∈ [0,π]
ϕ ∈ [0,2π] dΩ = sin θdϕdθ = dϕd(cos θ)

cos θ ∈ [−1,1]

X2 = cos θ X3 = ϕ/(2π)

z = (1 − 2X2)r x = (r2 − z2)1/2cos(2πX3)

y = (r2 − z2)1/2sin(2πX3)

Generate a Plummer sphere with MC
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https://mathworld.wolfram.com/SpherePointPicking.html
https://mathworld.wolfram.com/SpherePointPicking.html
https://mathworld.wolfram.com/SpherePointPicking.html


• Maximum value of  at distance  is the escape 
velocity 
 




• Writing , the probability distribution is 
given by 
 




• Now this is hard to analytically integrate, so let’s 
use hit-and-miss! Note  and 




• Two random numbers  and 


• If , hit! Keep 

• Else, miss! Generate again

v r

ve = −2Φ = 21/2(1 + r2)−1/4

q = v/ve

∫ d3rf(r, v) ∝ g(q) = q2(1 − q2)7/2

q ∈ [0,1]
g(q) ∈ [0,0.1]

X4 X5

0.1X5 < g(X4) q = X4

Generate a Plummer sphere with MC
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• Velocities are isotropic, so we can use the same trick


• Two random numbers again  and  
 

 
 

 
 

 
 

X6 X7

vz = (1 − 2X6)v

vx = (v2 − v2
z )1/2cos(2πX7)

vy = (v2 − v2
z )1/2sin(2πX7)

Generate a Plummer sphere with MC
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• Restoring units: if a cluster with mass  and energy total energy  is desired 
with , then 


• masses can be scaled by 


• lengths can be scaled by 


• velocities can be scaled by 

M ℰ
G = 1

M
(3π/64)M2 |ℰ |−1

(64/(3π)) |ℰ |1/2

Generate a Plummer sphere with MC
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• Alternatively, we can just use hit-and-miss method directly on the full 
distribution function! 
 

 

 
 

f(r, v) = {F(−E)7/2 if E < 0
0 if E ≥ 0

Alternative method
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Lecture and Lab note on 
Plummer’s model

Virial Theorem?

Instructions to construct the phase space 
distribution are given in the Appendix
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Assignment 2
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https://github.com/jmduarte/phys141/blob/main/assignments/assignment2/assignment2.md

https://github.com/jmduarte/phys141/blob/main/assignments/assignment2/assignment2.md

