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Quantum mechanics refresher

* Joday, we’ll review the basic terminology and notation of quantum mechanics

* Without rehashing the full history, its beginnings are often traced to solving
the “ultraviolet catastrophe”
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States and probabilities

» The state of a particle is a (column) vector, or ket, in Hilbert space |y )

 Abra (| is a (row) vector or linear operator
* Described by a complex-valued wavefunction in position space

(x|y) = wi(x,t), where t denotes a (potential) time dependence
« States are normalized

o0

(wly) = J WX, D) wx, t)dx = J [ y(x, 1) |"dx = 1

— OO0
* The Born rule: probability density p for the result of a measurement of the
particle’s position at time 7 is

pe, D) = |y(x, 1)



Superposition

* A particle can exist in a superposition
[w) = ¢yl 0) +¢;]1)

 Assuming |0), | 1) form an orthonormal basis, normalization implies
(Wly) =cycy+cic; = \CO\2+ e, |°=1

o Useful representation is the Bloch sphere

| w) =cos§\0)+ei(ﬂsin§\1)




Expectation values

 The expectation value of an observable (say position), is given by:

(x) =(ylx|y) = { [ y(x, 1) |* x dx

* A useful notion of uncertainty is the variance: rr R
Ax2 = (x2) — (x)? 2= 1
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Operators

e Momentum operator is

. .hd
= — IN—
P o0x

 Note: p and X do not commute:

5,51 = p - pi = i

 From this property, we can derive Heisenberg’s uncertainty principle
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Uncertainty principle
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Hamiltonian

 The Hamiltonian (energy) operator is

 Eigenstates of the Hamiltonian operator are also known as stationary states
H|¢,) =E,|$,)

o Stationary states have a definite energy



Example: Plane waves

 Plane wave solution

(x|y) = wix, 1) = Cexpli(kx — w1)]

means particle has momentum p = hk and energy £ = hw

 Can check by applying operator definitions

plw) = (hk) |y)
H|y) = (hw) | y)



Example: Quantum harmonic oscillator

* Time-independent Schrodinger equation:

nodwx)y 1,
_% dxz —+ Ema) X l//(.X) — El//(.X) YA V(X)
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Time-dependent Schrodinger equation

* Time-dependent Schrodinger equation:

A 0 h* 0’y oy
H = Ih— &S —— 4+ Vix) = ih—
) Py ) -5 VW Py

. Time evolution (stationary states pick up a phase): w(x, ) = e~ ‘& h¢n(x)

 Note: overall phase doesn’t affect measurement probabilities because

2 2
[, 0 |" = ¢, ]
o Stationary states form a complete basis, so we can write a general state as

w(x, 1) = ) c,e B (x)

n
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In-class question

e Is |y) = (| ¢y) + \¢1))/\/§ a stationary state?

 No! Because each state picks up a different phase so you can’t write the time
evolution as an overall phase factor (i.e., no definite energy)

y() = (7" [ o) + e 1)) 2
— e—iEOt/h( ‘ ¢O> n e—i(El—EO)t/h ‘ ¢1>)/ﬁ

» Caveat: Except if &, — E; = (), i.e., the energy eigenstates are degenerate!
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More Dirac notation

* Position eigenstates are orthogonal

(x|x")y = o(x — x')

* Position eigenstates are complete

J:\x><x\dx=1
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Propagator preview

* As a preview, we will study the propagator
K(xp, tg; x5, 14) = (xXg]| € ~H U=l [ X4,

which represents the amplitude for a particle to get from point A to point B

e Determines the wave function at a later time from an initial condition
o0
W(xBa tB) — [ K(xBa tB; an tA) l/j(an tA) dxA
— Q0
» Asty —t, — 0, the propagator K(xp, t5; X4, 14) = 0(Xp — X4)

. Composition: K(x, x4, 1) = [K(xc, Loy Xp, 1) K(Xpg, tg; X4, 14) dXp
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Propagator preview

» Applying composition /V times:

K(xy, ty; X1, 1) = J JJK(XN, Iy Xn_1s In_1) K(X3, 135 X0, 1) K(Xy, 15 Xy, 1) dxy dxs -+ dxy_y

1.00

« Very high dimensional integral! —wor
We can use Monte Carlo methods e
to perform this integration —

0.25 A

* Using this approach, you will solve the
quantum harmonic oscillator
(assignment 1)
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Additional reading

 Feynman Lectures Vol. lll, chapters 1-3

 Feynman-Hibbs, chapters 2-3 Feynman
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