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Lecture 05: Free Particle



Path integral
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The path integral is





K(xB, tB; xA, tA) = ∫ 𝒟x(t)e i
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Path integral for a free particle
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Last time: solved the path integral for a free particle





Today: Briefly examine its behavior to see if it’s consistent with a particle with  
 
momentum  and  
 
energy 

K(xB, tB; xA, tA) = lim
ϵ→0 ∫ ⋯∫ dx1⋯dxN−1 ( 2πiℏϵ

m )
− N

2

exp [ im
2ℏϵ

N

∑
i=1

(xi − xi−1)2]
= ( m

2πiℏ(tB − tA) )
1/2

exp [ im(xB − xA)2

2ℏ(tB − tA) ]

m(xB − xA)/(tB − tA)
1
2 m((xB − xA)/(tB − tA))2



Free particle behavior
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For convenience, let  and ; i.e. a particle is traveling from the 
origin to position  in time 


 

At fixed , consider the propagator as a function of position 

Then at fixed , consider the propagator as a function of time  
 
Note: if  then particle has  
momentum  and  
energy 

A = (0,0) B = (x, t)
x t

ψ(x, t) ∝ K(x, t; 0,0) = ( m
2πiℏt )

1/2

exp [ imx2

2ℏt ]
t x

x t

ψ(x, t) ∝ exp[i(kx − ωt)]
p = ℏk

E = ℏω



Free particle behavior at large x
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At large  (fixed ),  oscillates with slowly varying wavelength  

  assuming  

 and  !

x t ℜ[ iK] λ

2π =
m(x + λ)2

2ℏt
−

mx2

2ℏt
=

mxλ
ℏt

+
mλ2

2ℏt
⇒ λ ≈

2πℏ
m(x/t)

x ≫ λ

k =
2π
λ

=
m(x/t)

ℏ
p = ℏk



Compare to plane wave at (x = 5,t = 1)

6



Free particle behavior at large t
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At large  (fixed ),  amplitude 
and period varies; Neglecting change in 
amplitude,


  


assuming  


 and  !

t x ℜ[ iK]

2π =
mx2

2ℏt
−

mx2

2ℏ(t + T)
=

mx2

2ℏt ( T
1 + T/t )

≈
mT
2ℏ ( x

t )
2

⇒ T ≈
πℏ

m(x/t)2

t ≫ T

ω =
2π
T

=
m
2ℏ ( x

t )
2

E = ℏω



Compare to plane wave at (x = 5,t = 1)

8



Energy and momentum
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Energy and momentum are as expected 

1. Amplitude varies in space as , so particle has momentum  

2. Amplitude varies in time as , so particle has energy 

eikx ℏk

e−iωt ℏω


