


Path integral

B
:
The path integral is [
N
- ine ; - i
— llm coe dxl...de_l e%S[B,A] ‘
. m XA X Xp

Propagator tells us the probability amplitude to go from state y(x, ) to w(x', t')

w(x',t) = [ K(x', 1", x, hy(x, t)dx



Chaining propagators
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w(x',t') = J K(x',t'; x, Hy(x, )dx L
w(x’,1") = J K(x", t"; x, Hhy(x, t)dx S
w(x’, 1) = J { Kx",t", x, thK(x', t", x, hy(x, t)dx'dx
= K(x", t";x,1) = J K"t x', K, ¢ x, £)dx’
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Propagator for Harmonic Oscillator

 Propagator is given by

ma /2 1M s 5
K()Cb, tb; X ta) — m CXP —[(Xa + Xb) cos wl — 2xaxb]

2h sin wT

* Note, like the free particle propagator, it is of the form

K(B,A) = C(T)expliS,(B,A)/n]
* Can we understand why?



Separable Lagrangians

Let’s break up the Lagrangian by considering any path to be a deviation y from
the classical trajectory x

N PP S )
L(xcl_l_y’xd_l_y) z_m(xcl_l_y) — —mw (XC1+}/)

2 2
l, . L.
=3 (mxZ + mw*x3) — (miyy + mw’x,y) + 5 (my* + ma’y?)

The first term is the action for the classical trajectory

The second term won’t contribute to the action by the Euler-Lagrange equations!

This Is because when we integrate this over time, we can turn this into

(—m}c' + ma)zx) yand ¥ = — w°x

The third term Is the action for the deviation



Separable Lagrangians

The action is separable because the propagator has the form:
j i (/1 1
K(B,A) = C(T)exp |—S5.,(B,A) exp | — —my- + —mw-y- | dt
h all paths n 2 2

This integral over all the paths depends only on the elapsed time I =1, — ¢,
and not on x, or xp

I

Shankar argues this is because every deviation has no knowledge of the
endpoints of the trajectory since y = y = 0 there

Therefore, we can absorb this function into the normalization factor C(7)!

This turns out to work for any potential that is quadratic in x and X, so we expect
the propagator to be of the form K(B,A) = C(T)expliS (B, A)/h]



Hint for Assignment 1

In the assignment, the mean kinetic energy can be evaluated as a double
integral

| X —x\" 2
(K) = [dedx’am ( - ) |K(x’, e; x,0)y(x, t)|

However, there Is another way, by integrating by parts

) h2 o 7>
(K) = [W(X)(—7ﬁ) w(x)dx = 7{

which reduces It to just one integral




Path integral examples

Solved path integral for a free particle

12 .
m / im(x, — x,)°
exp

Koo (Xps 13X, 1) =
free(¥p: T ) (th AT

and for the harmonic oscillator

Koo X, 1) = e Uzex MmO 2 4 Deos o — 2x 1]
HOY> "b2 > Ta ik sin wT P dhsinwT ¢ P ab

Both are of the form
K(xp, t;x,t,) = C(T)exp [%Scl(b, a)]

This form is correct for all Lagrangians that are quadratic forms (depend only on x? and )'cz)
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Harmonic oscillator: small angle approx.

Note that for w7 < 1, smwT ~ wT, cos wT ~ 1 so the path integral for the
harmonic oscillator reduces to

mao 17z Ima , ,
Ko 153 X0 1) = \ 5—— ] ©Xp [(xg + x5) = 2x,%,]

2rihaoT 2hooT

m \ im(x, — x,)°

= . exp | ———
2mihT 2hT

— Kfree(xb9 tb; Xas ta)

Why??

If we move step forward by a time step 1 that is very small compared with the
period of the oscillator 27/ w, the particle appears to move as if it is free
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Schrodinger Equation

Note: the free propagator satisfies the Schrodinger equation

h 0K (xp, tg; x4, tg) n” azK(xB’ g3 Xa» L) fort, >t
bbb rA B T VB BT A
i " > o2 B~ A

and the free particle wave function also satisfies the Schrodinger equation
noy(x,t) h’ w(x, 1)
i o  2m 0x2

What if there is a potential V(x, 1)?
Our goal today is to “derive” the Schrodinger equation from the path integral
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Action In a potential

g .
The action with a potential is ‘,,
" (1 S
o\ 2 5
A E
9
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Let’s return t0 our “zig-zag” paths. The action can be written as

N 2
X — X;_ X,_1 T+ X
S[B,A] = 25[11—1]_ 'z%—ev(lT,z.)

=1
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Deriving Schrodinger (1)

We will approximate the time derivative of s

00 : ) :
W(x,t+€) = C[ exp ILM] exp [—LGV(X_I_y,t)] w(y, t)dy,

h 2e h 2
1/2
m
where C = .
( 2rihe )

First term oscillates rapidly for large x — y.

Substitute y = x 4+ 7 and expect contribution only for small #

(x,t+€) = C[ inn” ——iGV + —,1 (x+n,0d
X, € X X X : X+ n,b)an.
’ P 2he P h 2 i

Integral contributes if 0 < 7| < \ /% (stationary phase approximation)
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Deriving Schrodinger (2)

The left hand side can be expanded as a power series in € and the right hand side
as a power series in 1

0 . imn* ie oy 1 ,0°
w(x, 1) +€—l// = CJ exp [ ! ] [1 — —V(x, t)] [l//(x, 1) +77—w +—zf12—w dn

ot 2he h ox 2 o0x?

S0 we need to be able to evaluate Gaussian integrals of the form

cro i mg 0.1.2
CX . m = u, 1,
e v R
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More Gaussian integrals (1)

Now on the right hand side we have 3 kinds of Gaussian integrals.
The first we’ve discussed

Q)
iax? i
e dx =4 —

— OO0

ld

The second is zero because it’s an odd function f(—x) = — f(x) and we’re
integrating from — oo to oo

Q)
)
[ e xdx = 0
— 0
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More Gaussian integrals (2)

The third can be solved with an interesting trick usually credited to Feynman.

The usual idea is to introduce an artificial parameter then take a derivate of this
parameter to see if you can find an integrand that is easier to do.

We can also do this in reverse. Namely, we note that

> , 1 d -
'Y xtdx = —— e'““ dx
- i da J_

Ve

and since we already know the integral on the right, we can just plug it in then take
the derivative of a!
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Deriving Schrodinger (3)

Therefore, the 3 integrals are

C"OO imn” g ihe
ex —
— 00 P 2he (il m
And
oy i€ he 0y
l//(x t) + €— = l//(X t) — —V(x t)l/j(x t) —_—

ot h ~2im Ox?



Deriving Schrodinger (4)

Or rearranging, we arrive at the Schrodinger equation!

h oy h* 0%y
A Y Vi et
ot - amoanz TV Dwln )

Next time, discussion of Hamiltonian operator, conservation of probability (unitarity),
stationary states (energy eigenfunctions), and connection to the propagator trace

17



